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Identical Interests Games

Games with N-players Py, P», ..., Py, who select policies from
action spaces I';,I'g,..., T'n.

If P; uses policy v; € I'; the outcome of the game for P is

Ji(’Yla’Y2,~~,’YN)EF::I‘1 XF2 X FN

Each P, wants to minimize their own outcome.

A game is of identical interests (II) if all players have the
same outcome, i.e., if there exists a function ¢(y) such that

Ji(v) = ¢(v), vyel, ie{l,2,....N}
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Identical Interests Games

Notion of NE for II games is related to the notion of minimum
A given v* := (77,73,...,7y) €I is a global minimum of ¢ if

d(v*) < o (7), VyeTl

and is a directionally-local minimum of ¢ if

¢(7:77iz) < (’Yialyii)v v71 er’ia (&S {1a2a--'7N}

Note. Every global minimum is also a directionally-local
minimum.
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Identical Interests Games

Proposition 12.1.

Consider an II game with outcomes given by J;(y) = ¢(v)

1.- An N-tuple of policies v* := (7,73, ...,7x) € I' is a NE if
and only if v* is a directionally-local minimum of ¢.

2. Assume the potential function ¢ has at least one global
minimum. An N-tuple of policies v* := (7],75,...,7y) € ' is
an admissible NE if and only if v* is a global minimum to the
function ¢ in J;(v) = ¢(7).

Moreover, all admissible NE have the same value for all players:
the global minimum of ¢.
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Identical Interests Games

Proof of Proposition 12.1.

Statement 1: a consequence of the fact that for an II game
with outcomes given by J;(7) = ¢(7) the definition of a NE is
precisely the condition ¢(v/,v*,) < (vi,7";), Vi € I'i.

Statement 2: suppose v* := (77,73,...,7y) € I is a global
minimum, then

Ji (’V’L )Y z) = ¢<72 )Y l) (b(’%a’yiz) = Jl(VH’yiz)
Vv, €Ty, i€ {172,...7]\[}

which shows that v* is a NE.

Since 7* is a global minimum of ¢, it must be admissible since
no other policies could lead to a smaller value of the outcomes.
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Identical Interests Games

Conversely, suppose that v* := (v{,75,...,7x) € I' is not a
global minimum

e now ¥* # v* is a global minimum.

From previous statements, we conclude ¥* must be a NE that
leads to outcomes that are better than those of v* for all P/s

e meaning: even if v* is a NE, it cannot be admissible.

II games are attractive because all global minima of the
common outcome ¢ of all players (called the social
optima) are admissible NE.
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Identical Interests Games

Keep in mind the following two facts:

1.- Even though all admissible NE are global minima, there
may be (non-admissible) NE that are not global minima.

If players choose non-admissible NE policies, they could be
playing at an equilibrium that is not a global minimum.

Example: the pure bimatrix game defined by

0 2
ath

Game has a single pure admissible NE (1,1) that corresponds
to the global minimum 0. Another non-admissible NE (2, 2)
corresponds to the outcome 1 for both players.
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Identical Interests Games

2.- There may be problems if multiple global minima exist,
because even though all admissible NE have the same outcome
for all players, they may not enjoy the order
interchangeability property.

Example: the pure bimatrix game defined by

0 1
a=p=|77]

Game has two pure admissible NE (1,1) and (2, 2), both
corresponding to the global minimum 0.

However, (1,2) and (2,1) are not global minima.
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Potential Games

A game is an (exact) potential game if there exists a
function ¢(~1,72,...,7vn) such that

Ji(Yis v—i) = Ji(Vir v—i) =0(vi» V=) — ¢(Fir Vi),
Vi, i € T,y €'y i€ {1,2,...,N}

and ¢ is called an (exact) potential for the game.

In words: If a player P; unilateral deviates from ~y; to 7;, the
change in its outcome is exactly equal to the change in the
potential, which is common to all players.
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Potential Games

A game is an ordinal potential game if there exists a
function ¢(~1,72,...,7vn) such that

Ji(vi, v=i) = Ji(Yis v—i) > 0 & d(vi, v—i) — (i, 7—i) > 0,
Vi, ¥ € Tiyv—i €Ty, i€{1,2,...,N}

and ¢ is called an ordinal potential for the game.

In words: If a player P; unilateral deviates from -~y; to 7;, the
sign of the change in its outcome is equal to the sign of the
change in the potential, which is common to all players.
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Potential Games

Exact or ordinal potentials of a game are not uniquely defined.

e if ¢(-) is an exact/ordinal potential then, for every constant
¢, ¢(+) + ¢ is also an exact/ordinal potential for the same
game.

For exact potential games, while the potential is not unique,
all potentials differ only by an additive constant

e if ¢ and ¢ are both potentials for the same exact potential
game, there must exist a constant c¢ such that

$(1)=d+c Vyerl
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Minima vs. Nash Equilibria in Potential Games

Directionally-local minima of the potential ¢ are NE

Proposition 12.2. Consider an exact or ordinal potential
game with (exact or ordinal) potential ¢.

An N-tuple of policies v* := (v{,73,...,7x) is a NE if and only
if v* is a directionally-local minimum of ¢.

When the action spaces are finite, a global minimum always
exists and therefore a directionally-local minimum also exists.
In this case, potential games always have at least one NE.

Proof of Proposition 12.2. Assuming v* := (v{,73,...,7xN)
is a directionally-local minimum of ¢, we have that

¢(7:77iz>_¢(7177iz) SO? V’YZ EFi, (&S {1727--'7N}
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Minima vs. Nash Equilibria in Potential Games

But, both for exact and ordinal games, we also have that
Jl(’}/:vfyiz) - Jl(’YZa’yiz) < O’ V’% € Fi) (&S {17 2’ o 7N}
which shows that 7* is indeed a NE.

Conversely, if v* := (7],75,...,7y) is a NE, then the previous
eq. holds, which for both exact and ordinal games, implies that
(v, 7%:) — ¢(vi,7%;) < 0 also holds.

From here we conclude that v* := (7{,73,...,7y) is a
directionally-local minimum of ¢.
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Minima vs. Nash Equilibria in Potential Games

Attention!

For potential games there is an equivalence between
directionally-local minima and NE, but there is no match
between global minima and admissible NE.

Consider a pure bimatrix game defined by the matrices

B1 B1+1
Ba+1 B2

A= [aij]2><2 =

(o751 ag + 1
ap+1 Q2

B = [bijlaxe = {

This is an exact potential game with potential given by
0 1
Q= [pijlaxe = [ 10 ]
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Minima vs. Nash Equilibria in Potential Games

® = [¢ij]2x2 = [ (1) (1) ]

Potential ® has two global minima. Then we have two NE:
e (1,1) with outcomes (o, 51)
e (2,2) with outcomes (az, 52)

Different values of the constants o, as.81, f2 can make only one
or both of these NE admissible.

This shows that global minima of the potential may not
generate admissible NE.
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Bimatrix Potential Games

A pure bimatrix game defined by the two m x n matrices
A= [aij]mxn B = [bij]an
is an (exact) potential game, if there exists a potential

¢ = [(z)ij]mxn
such that
aij — az; = Gij — gbgj Vi, i € {1,2,...,m}, j€{1,2,...,n}
bij _bzi = ¢ij _¢13 Vi € {1727"'7m}7 ij S {1723"'777’}
To verify whether or not such a potential exists, regard the
previous egs. as a linear system of equations with
m(m — 1) n(n —1)
n+ m
2 2
equations and mn unknowns (the entries of ).
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Bimatrix Potential Games

When these equations have a solution, we can conclude that we
have an exact potential game in pure policies.

These equations also guarantee that the bimatrix game is an
(exact) potential game in mixed policies
Proposition 12.3 (Potential bimatrix games).

A bimatrix game defined by the m x n matrices A = [a;;] and
B = [bj;] is an exact potential game in pure or mixed policies if
and only if there exists an m x n matrix ® = [¢;;] for which the
conditions below hold:
ajj — 55 = ¢ij —¢;j Vi,%G {1,2,...,m}, jE {1,2,...,n}
b’Lj _sz = ¢l] _¢zj Vi € {17277m}7 jaj € {1,2,,71}
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Bimatrix Potential Games

Proof: a consequence of the fact that the conditions

aij—agj:gf)ij—gf)gj Vi,gE{I,Q,...,m}, j6{1,2,...,n}
bz‘j—bﬁ:(ﬁi]‘—(bﬁ ViE{LQ,...,m}, j,jE{l,Q,...,n}

correspond to the definition of an (exact) potential game.

For mixed policies, these conditions must be necessary
@ pure policies are special cases of mixed policies.

Even in mixed policies, the equalities for exact potential
games must hold for pure policies.

TAMU-CC
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Bimatrix Potential Games

To prove that the conditions are also sufficient, we show that
'@z is a potential for the mixed bimatrix game.

Specifically, show that given arbitrary mixed policies
e y,y for P and z, zZ for P,

we have
y Az — jAz =y &z — Pz Y Bz —yBz =3/ ®z — y®z

To this effect, we start by expanding

Y Az — §Az = ZZ — Yi)ai;z y' Bz — yBz = Z Zyibij(zj )

=1 j=1 =1 j=1

TAMU-CC
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Bimatrix Potential Games

Because of the conditions, we conclude that for every 7 and j,
these differences must equal

YAz —gAz = Z Z(yi —Ui)(ag; + bij — ¢3;)%;
i=1 j=1
= Z Z —Yi (bljzj (Z(yz - %)) Z(afj - (bij)zj
i=1 j=1 i=1 =1
y'Bz—yBz =Y Z yi(bij + dij — di7) (25 — %)
i=1 j=1
T (zyz ; ¢”> -5
=1 j=1 j=1

TAMU-CC
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Bimatrix Potential Games

But since m m n n
i=1 i=1 j=1 j=1
we conclude that
Z(yz‘—ﬂi) =0 Z(Zj_gj)zo
i=1 j=1

and therefore

yAz—yAz-ZZ — Ui)bijz; =y Pz — yPz

i=1 j=1
m n

y'Bz — yBz = ZZyiqSij(zj —zj) =y Pz — ydz
i=1 j=1

which concludes the sufficiency proof.
D TAMU-CC
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Characterization of Potential Games

IT games: they have a function ¢(y) such that
Ji(v) =¢(v), Vyel, ie{l,2,...,N}

trivially satisfy the (exact) potential game condition, and
therefore are potential games with potential ¢.

Dummy games: outcome J; of each P; does not depend on
the player’s own policy ~;
e but may depend on the policies of the other players, i.e.,

']L(VHPY—L) = Jl(:yu’y—l) = ']L(,y—l) VFYM:}/I S Fi:v—i S F—i7i S {17 27 cee 7N}
Dummy games are also potential games with constant potential

d(v) =0, Vyel
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Characterization of Potential Games

The set of potential games is closed under summation.

Suppose that one has two games G and H with the same
action spaces I'1,I'9,...,I'y but different outcomes for the
same set of policies vy € T’
e G has an outcome given by G;() for each player P,
Vie{l,2,...,N}
e H has an outcome given by H;(v) for each player P;,
Vie{1,2,...,N}
The sum game G + H is a game with the same action spaces
as G and H, but with the outcome

Gi(y) + Hi(), VyeTl
for each player P;, Vi € {1,2,...,N}.
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Characterization of Potential Games

Proposition 12.4 (Sum of potential games).

If G and H are two potential games with the same action
spaces and potentials ¢ and ¢y, then the sum game G + H is
also a potential game with a potential ¢g + ¢g

Corollary: the sum of an Il game and a dummy game is
always a potential game. Any potential game can be expressed
as the sum of two games of these types.

Proposition 12.5. A game G is an exact potential game if and
only if there exists a dummy game D and an II game H such
that G =D + H.
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Characterization of Potential Games

Proof of Proposition 12.5. Because of Proposition 12.4, if
G can be decomposed as the sum of a dummy game D and an
II game H, then G must be a potential game.

To prove the converse, show that if G is an exact potential game
with potential ¢, then we can find a dummy game D and an II
game H such that G = D + H (this is simple!). For the II game
H, chose outcomes for all players equal to the potential ¢g:

Hi(v) = ¢c(7) VyeTl

This then uniquely defines what the outcomes of the dummy
game D must be so that G =D + H:

Di(v) = Gi(v) — ¢c(7), VyeT

TAMU-CC
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Characterization of Potential Games

To check that this indeed defines a dummy game, we compute

Di (i, v—i) — Di(Yi, v—i) =Gi(v) — Gi(¥) — ¢a(7) + da ()
Vyivi € Tyyy—i €Ty, i€{1,2,...,N}

which is equal to zero because ¢¢ is an exact potential for G.

This confirms that D;(v;,v—;) indeed does not depend on ~;.

TAMU-CC
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Potential Games with Interval Action Spaces

Constructing a potential game is simple
@ one only needs to add an II game to a dummy game.

For games whose action spaces are intervals in the real line,
determining if a game is an exact potential game is simple.

Note: a matrix game with mixed policies and only two actions
is an example of a game whose action spaces are intervals.
Lemma 12.1 (Potential games with interval action spaces)

For a game G, suppose every action space I'; is a close interval
in R and every outcome J; is twice continuously differentiable.

In this case, the following three statements are equivalent:

1. G is an exact potential game.

TAMU-CC
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Potential Games with Interval Action Spaces

2. There exists a twice differentiable function ¢(7) such that

9Ji(v)  0é(v)
ovi O

when these equalities hold ¢ is an exact potential for the game.

VyeTl, ie{l,2,...,N}

3. The outcomes satisfy

02 J; 0%J;
) 2500 e i,jef{1,2,...,N}
i) i)
when these equalities hold, we can construct an exact potential
using N

X anCirh-),
P(v) = ;/0 o (v — Cp)dr Vv el

where ¢ can be any element of I'.

TAMU-CC
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Potential Games with Interval Action Spaces

Proof of Lemma 12.1.

To prove that 1 implies 2, assume that G is an exact potential
game with potential ¢.

In this case, for every i, ¥i, Y—i
Ji(Vis Vi) = Ji(Vir v=i) = ¢(Vi, v=i) — ¢(Vi, Vi)

Dividing both sides by ~; — %; and making %; — ~; we obtain
precisely statement 2
9Ji(y) _ 09(v)

= Vvyel, 1€{1,2,...,N
8% a% 7 72 {77 7}
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Potential Games with Interval Action Spaces

To show that 2 implies 1, integrate both sides of statement 2
between 4; and 4; and obtain

7 9Ji(v) / 7 09(7) . .
d i = dlyla v iy Vi V—is € 1527"‘7N
/_Yi i ! Yi i ! t }

which is equivalent to
Ji(%isv=i) = Ji(Vis v=i) = ¢(Fis v—i) — ¢(Fis v—-4)
vﬁia:}/’iv’yfia (&S {1, 2., }
proving that we have a potential game with potential ¢.
We have shown that 1 and 2 are equivalent.
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Potential Games with Interval Action Spaces

To prove that 2 implies 3, take partial derivatives of both sides
of statement 2 with respect to v; and conclude that

?Ji(v) _ 8%¢(v) :
= , vy, 1€{1,2,...,N
i 07575 7 { }

The right-hand side of the above equality does not change if we
exchange ¢ by j

Conclusion: the left-hand side cannot change if we exchange ¢
by j.

This is precisely, what is stated in 3.

To show that 3 implies 2, we will show that the exact potential

function defined in statement 3 satisfies statement 2.
TAMU-CC
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Potential Games with Interval Action Spaces

To this effect, we need to compute

06(v) _ 0 ([1OL(CHT(r=Q) o
oy O (/0 i 0 =G
OJk(C+7(v =€)
+ ;/ T (v = Ck)d )
B (SC ) Oty = Q)
- [ 2= Gyar+ dr
0 ; 0 i
! P +T( =)
* ;/0 ik D= Gl
k
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Potential Games with Interval Action Spaces

Using outcomes of statement 3, we conclude that

0p(7) AJi(C+ (v =) PIi((+T1(v =)
o /0 i ar+ / Z Vi

/ OI(C+T=Q)
0

i
V(& 9 0di¢H+m(y = ©) d(Gr + (e — &)
+ /0 T <Z o 5, I dr
_POSi(C+ (v =) P daLC+T(r=0)
7/0 Vi d7+/0 Tdr 07

TAMU-CC
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Potential Games with Interval Action Spaces

Integrating by parts, we finally obtain

(y)  [LOL(C+T(y—0)) T +T(v— )]
o /0 i ar [T i 0
CPOLCHT(r Q)
/o 0vi ar
_0Ji(7)
-3

which proves 2.

At this point we have also shown that 2 and 3 are equivalent,
which completes the proof.
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Potential Games with Interval Action Spaces

Notation 4 (Potential games).

If we view the (symmetric of the) vector of the derivatives of the
outcomes J; with respect to the corresponding ~; as a force

__(&11 9% &’N)
' aW’1’3’727 ’37N

that drives the players towards a (selfish) minimization of their
outcomes, then condition 2 corresponds to a requirement that
this force be conservative with a potential ¢.

Recall: a mechanical force F' is conservative if it can be
written as ' = —A¢ for some potential ¢.

A mechanically inclined reader may construct potential games
with outcomes inspired by conservative forces.
TAMU-CC
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Practice Exercises

12.1.1 Consider a bimatrix game with two actions for each
player defined by

a a b b

A= 1 12 P choices B = 1 12 P, choices
a1 as ba1  boo
P> choices P> choices

1. Under what conditions is this an exact potential game in
pure policies?

Your answer should be a set of equalities/inequalities that the
a;; and b;; need to satisfy.

'AMU-CC
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Practice Exercises

Solution to 12.1.1. For this game to be a potential game,
with potential

[ P11 P12 ]
P21 P22
we need to have
ail — a1 = P11 — P21 a1z — agy = P12 — P22
bi1 — b2 = ¢11 — P12 ba1 — baa = @21 — P22
which is equivalent to
a1l — az1 = @11 — P21 a12 — a22 = ¢12 — P22

a1 — a21 — (bi1 — b12) = d12 — P21 a12 — a2 — (ba1 — b22) = P12 — P21

Games: Theory and Applications L



Practice Exercises

a1l — az1 = ¢11 — P21 a12 — a22 = @12 — P22
a11 — a1 — (bi1 — b12) = d12 — P21 a12 — a2 — (ba1 — b22) = P12 — P21

This system of equations has a solution if and only if
a11 — a1 — (b1 — b12) = a12 — azs — (ba1 — b22)
in which case we can make, e.g.,

22 =10 P12 = a12 — a
21 = ¢12 — a1y + az1 + b1 — bia P11 = P21 + a11 — a91

Games: Theory and Applications L



Practice Exercises

12.1.2 Show that the prisoners’ dilemma bimatrix game defined

by
2 2
A= [ 0 3(8) :| } P; choices B = [ 30 (8) :| } P choices
P> choices P> choices

is an exact potential game in pure policies.

'AMU-CC
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Practice Exercises

Solution to 12.1.2. The potential for this game can be
defined by the following matrix

o = [ 2422 :|} P; choices

22 0
——_———
P> choices
Indeed,
apyp —az1 = @11 — P21 = 2 a1z — agy = Q12 — Poo = 22
bi1 — b1z = ¢11 — P12 = 2 ba1 — baa = @21 — oo = 22

TAMU-CC
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Practice Exercises

12.2. Consider a bimatrix game with two actions for both
players defined by

A= 011 012 P, choices B = bir b Py choices
a1 Q22 bar  bo2
P» choices P> choices

1. Under what conditions is this an exact potential game in mixed
policies?

Your answer should be a set of equalities/inequalities that the a;; and
bi; need to satisfy.
2. Find an exact potential function when the game is a potential

game.

Your answer should be a function that depends on the a;; and b;;.
'AMU-CC
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Practice Exercises

3. When is a zero-sum game an exact potential game in mixed
policies? Find its potential function.

Your answer should be a set of equalities/inequalities that the
a;; and b;; need to satisfy and the potential function should be
a function that depends on the a;; and b;;.

TAMU-CC




Practice Exercises

Solution to 12.2.1 Under the mixed policies
._ Y1 L 21
y.—|:1_y1:|, y1€[0,1] Z.—|:1_21:|, 216[0,1}
for P, and P», respectively, the outcomes for this games are
Ji(y1,21) = anyrz1 + a2y (1 — 21) +ag1 (1 — y1)z1 + aze(1 —y1)(1 — 21)
Jo2(y1,21) = an1y1z1 + a2y (1 — 21) + bor (1 — y1)z1 + b2(1 — y1)(1 — 21)

and therefore
02 — by — byy — byy + boo

25 _ _
Dyiar — 011 — @12 — a21 + a22 D121
32J1 _ O 82J2 _ 0
i oy}

I _ 0 ?Jy _ 0
Oy3 0z

TAMU-CC
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Practice Exercises

In view of Proposition 12.1, we conclude that this is a
potential game if and only if

a11 — a1z — a21 + a2 = bi1 — bia — bay + b2

Note that the prisoners’ dilemma bimatrix game in Example
12.1 satisfies this condition.
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Practice Exercises

Solution to 12.2.2 According to Proposition 12.1, the
potential function can be obtained by

1
é(y1, 1) :/ 8J1(Ty1,721)y1+ 8J2(Ty1,721)21dT
0 ayl 821

1
= / (a117'21 + Cl12(1 — 7'2’1) — a91TZ1 — a22(1 — 7'2’1)) Y1
0
+ (b11myr + biaTys + bar (1 — 7y1) — bao(1l — 7y1)) 21d7
1
= / ((a11 — @12 — ag1 + a22)721 + a12 — az2) Y1
0
+ ((b11 = b1z — bay + b22)Ty1 + ba1 — bao) z1d7
1
= §(a11 —a12 — ag1 + ag2)y171 + (a12 — az2)ys

1
+ g(bu — b1a — ba1 + ba2)y121 + (ba1 — ba2) 21
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Final result from Example 12.2.1 states that
ail — a1z — agr + azg = b1y — b1z — bor + a2
Then,
1
o(y1,21) = §(a11 — @12 — 21 + a22)y121 + (@12 — a22)Y1
1
+ §(b11 —b12 — ba1 + ba2)y121 + (b21 — b22)21
simplifies to
d(y1,21) = (@11 — a1z — a1 + a)yi1z1 + (@12 — ag2)y1 + (ba1 — ba)21

Note that this is consistent with what we saw in Example
12.1.
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Solution to 12.2.3 For a zero-sum game the left and the right
hand sides of

ajp — a2 — ag + age = bi1 — bia — ba1 + bag
are symmetric, which is only possible if
aip —aiz —ag +axe =0 < ap+ax=a2+an
which corresponds to the outcomes
J1(y1,21) = a12y1 + a2121 + a2 — axy — axz = —J2(y1, 21)
In this case, a potential function is given by
(1, 21) = (a12 — aza)y1 — (ag1 — az2)z1 = (a12 — a2)(y1 — 21)
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